
Natural convection in a liquid-encapsulated molten
semiconductor with a steady magnetic field

Jonathan F. Kuniholm, Nancy Ma *

Department of Mechanical and Aerospace Engineering, North Carolina State University, Campus Box 7910, Raleigh, NC 27695, USA

Received 23 April 2002; accepted 7 August 2002

Abstract

This paper treats the buoyant convection in a layer of boron oxide, called a liquid encapsulant, which lies above a layer of a

molten compound semiconductor (melt) between cold and hot vertical walls in a rectangular container with a steady horizontal

magnetic field B. The magnetic field provides an electromagnetic damping of the molten semiconductor which is an excellent

electrical conductor but has no direct effect on the motion of the liquid encapsulant. The temperature gradient drives counter-

clockwise circulations in both the melt and encapsulant. These circulations alone would lead to positive and negative values of the

horizontal velocity in the encapsulant and melt, respectively, near the interface. The competition between the two buoyant con-

vections determines the direction of the horizontal velocity of the interface.

� 2002 Elsevier Science Inc. All rights reserved.

1. Introduction

There are many fluid flows that occur during the
growth of semiconductor crystals in magnetic fields. The

physical understanding of these flows is key to the de-

velopment of optimal electromagnetic (EM) crystal

growth systems. Since molten semiconductors are ex-

cellent electrical conductors, the melt motion can be

damped and controlled by a steady (DC) magnetic field

in order to control the dopant distribution in the crystal,

which depends on the convective and diffusive transport
of the dopant in the melt. Electronic and optical devices

are manufactured on single-crystal wafers sliced from

ingots of semiconductor crystals. Since the performance

of any device depends strongly on the uniformity of the

local dopant concentration in the wafer on which it is

produced, a major objective during the solidification of

any semiconductor is to minimize dopant segregation in

the crystal. With recent manufacturing advances, mil-
lions of devices are now produced on a single wafer, so

that the need for a uniform dopant concentration in the

wafer has dramatically increased. Recently, Walker and

Ma (2002) have reviewed the literature on the use of

magnetic fields during the bulk growth of semiconductor

crystals.
During the magnetic liquid encapsulated Czochralski

(MLEC) growth of compound semiconductor crystals,

such as indium phosphide, phosphorus gas is bubbled

at high pressure through an indium melt, and the indium

and phosphorus fuse to form the compound InP. A

layer of boron oxide (B2O3) encapsulates the melt to

prevent escape of the volatile component (P). A single

crystal seed is lowered through the encapsulant which
initiates solidification and crystal growth begins in the

presence of an externally applied magnetic field. This is

an extremely important process because it was the first

to produce 8 cm diameter twin-free indium phosphide

crystals which was accomplished by using magnetic

stabilization (Bliss et al., 1993). Morton et al. (2002)

presented a model of dopant transport during theMLEC

process. Previous researchers have investigated the effect
of a steady magnetic field on buoyant convection in

rectangular enclosures (Ozoe and Okada, 1989; Garan-

det et al., 1992; Alchaar et al., 1995). In particular,

Garandet et al. (1992) and Alchaar et al. (1995) treated

two-dimensional buoyant convection in a rectangular

enclosure with a vertical magnetic field. Previous re-

search which has treated systems that have liquid en-

capsulation have neglected any coupling between the
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buoyant convections in the molten semiconductor and

in the liquid encapsulant and assumed that the liquid

encapsulant is stagnant (Ma et al., 1998).

In the present paper, we investigate the coupling be-
tween the buoyant convection in the liquid encapsulant

and in the molten semiconductor in a steady horizontal

magnetic field in a model problem which captures the

essential physical phenomena that occur in the cou-

pling of the buoyant convections during MLEC crystal

growth. Recent experiments (Riemann et al., 1996) have

shown some very promising results with a steady hori-

zontal magnetic field which is obtained by placing the
crystal-growth furnace between the pole faces of an

iron-yoke magnet. The magnetic field has an indirect

effect on the buoyant convection in the boron oxide

through the coupling of its motion through the en-

capsulant–melt interface. We investigate this coupling

for a model problem in a rectangular geometry without

solidification.

2. Problem formulation

This paper treats the two-dimensional buoyant con-

vection in two layers of fluid with a molten semicon-

ductor (melt) encapsulated by a layer of boron oxide in a

steady horizontal or transverse magnetic field Bbxx. Here,

B is the magnetic flux density while bxx and byy are the unit
vectors for the Cartesian coordinate system. Our di-

mensionless problem is sketched in Fig. 1. The coordi-

nates and lengths are normalized by the length of the

melt or boron oxide L, so that a and ðc � aÞ are the

dimensionless depths of the melt and boron oxide, re-

spectively. Along x ¼ 0 and 1, the liquids are maintained

at temperatures Tc and Th, respectively, where Th > Tc.
The boundaries at y ¼ 0 and c are thermal insulators.
Here, the fluid flows are driven by the temperature dif-

ference so that the characteristic velocities for the

buoyant convection in the melt (Hjellming and Walker,

1987) and in the encapsulant are

U ¼ qgbðDT Þ
rB2

; ð1aÞ

Ue ¼
qegbeðDT ÞL2

le

; ð1bÞ

respectively, where ðDT Þ ¼ Th � Tc is the characteristic

temperature difference and g is gravitational accelera-

tion. Here, q, b and r are the density, thermal volu-

metric expansion coefficient and electrical conductivity

of the melt while qe, be and le are the density, thermal

volumetric expansion coefficient and dynamic viscosity

of the encapsulant. We use the thermophysical proper-
ties of molten indium phosphide and boron oxide, as

shown in Table 1. With ðDT Þ ¼ 50 K and L ¼ 5 cm

(Farrell and Ma, 2002), the characteristic velocity in the

encapsulant is Ue ¼ 0:014065 m/s while the characteris-

tic velocity in the melt is U ¼ 0:1571, 0.006284 or

0.00006284 m/s for B ¼ 0:1, 0.5 or 5 T, respectively.

The electric current in the melt produces an induced

magnetic field which is superimposed upon the applied
magnetic field produced by the external magnet. The

characteristic ratio of the induced to applied magnetic

field strengths is the magnetic Reynolds number, Rm ¼
lprUL, where lp is the magnetic permeability of the

melt. For all crystal-growth processes, Rm � 1 and the

additional magnetic fields produced by the electric cur-

rents in the melt are negligible.

In the Navier–Stokes equation for the melt, the
characteristic ratio of the EM body force term to the

inertial terms is the interaction parameter, N ¼ rB2L=
qU , which varies as B4. In the energy equation, the

characteristic ratio of the convective to conductive heat

transfer is the thermal P�eeclet number, Pet ¼ qcpUL=k,
where cp and k are the specific heat and thermal con-

ductivity of the melt, respectively. For a sufficiently

strong magnetic field, N is large and Pet is small, so that
the inertial terms and the convective heat transfer terms

are negligible. In a recent study, Ma and Walker (2001)

investigated the roles of inertia and convective heat

transfer on the buoyant convection during MLEC

growth, and determined the errors associated with the

Fig. 1. Two-dimensional problem with a liquid encapsulant and molten

semiconductor with a uniform, steady, horizontal magnetic field Bbxx
and with coordinates normalized by the distance between the hot and

cold vertical walls.

Table 1

Thermophysical properties of molten InP and B2O3

Property Molten InP B2O3

Viscosity (Pa s) 8:19� 10�4 10

Density (kg/m3) 5050 1530

Specific heat (J/kgK) 424 1864.3

Thermal conductivity (W/mK) 22.8 2.0

Thermal volumetric expansion

coefficient (K�1)

4:44� 10�4 7:5� 10�5

Electrical conductivity

(X�1 m�1)

7� 105 0.0
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neglect of inertial effects or of convective heat transfer

for field strengths between 0.1 and 0.9 T. For MLEC

growth of indium phosphide, they found that inertia and

convective heat transfer significantly affect the buoyant
convection when B ¼ 0:1 T for which N ¼ 1:037 and

Pet ¼ 277:3. As the magnetic field strength is increased

from this value, the interaction parameter increases as

B4 and the thermal P�eeclet number decreases as B�2, so

that the ratios of the inertial force to the EM body force

and of convective heat transfer to conductive heat

transfer decrease. Ma and Walker (2001) found that the

error due to neglect of inertial effects is only 2.7% for
B ¼ 0:2T where N ¼ 16:59 and Pet ¼ 69:33, and is to-

tally negligible for BP 0:5 T, while the error due to

neglect of convective heat transfer is less than 4% for

BP 0:43 T. Inclusion of inertia and convective heat

transfer for weak magnetic field strengths is a straight-

forward extension of the present model, and will be in-

cluded in future studies.

For the encapsulant, the characteristic ratio of
the inertial force to the viscous force is the Reynolds

number Re ¼ qeUeL=le and the characteristic ratio of

the convective to conductive heat transfer is Pete ¼
qecpeUeL=ke, where cpe and ke are the specific heat and

thermal conductivity of the encapsulant, respectively.

For boron oxide, Re ¼ 0:108 so that inertial terms are

negligible. For boron oxide, the characteristic velocity

based on our choice for the characteristic velocity Ue

is Pete ¼ 1; 003. From our study, we find that the di-

mensionless velocities in the encapsulant are extremely

small, i.e. they vary from roughly 10�6 to 10�5, so that

the effective thermal P�eeclet number is Pete;effective ¼
Petejvejmax, where jvejmax is the maximum magnitude of

the velocity in the encapsulant. Since Pete;effective � 1,

convective heat transfer in the encapsulant is negligible.

The solutions for pure conduction are

T ðn; gÞ ¼ 1

2
ðn þ 1Þ for � 16 n6 1; and

� 16 g6 1; ð2aÞ

Teðn; vÞ ¼
1

2
ðn þ 1Þ for � 16 n6 1; and

� 16 v6 1: ð2bÞ

where T is the deviation of the dimensional temperature

in the melt from Tc normalized by ðDT Þ, and Te is the

deviation of the dimensional temperature in the en-

capsulant from Tc normalized by ðDT Þ. Here, n ¼ 2x� 1

is the rescaled horizontal coordinate so that �16

n6þ 1, while g ¼ �1þ 2y=a and v ¼ ð2y � c � aÞ=ðc�
aÞ are rescaled vertical coordinates so that �16 g6 þ 1

and �16 v6 þ 1. g corresponds to the vertical coor-

dinate in the melt while v corresponds to the vertical

coordinate in the encapsulant.

For the present plane recirculating flow in the melt,

the condition of zero net electric current in the z-direc-

tion implies that the electric field is zero (Hirtz and Ma,

2000). The only non-zero component of the electric

current density, normalized by rUB, is given by Ohm�s
law, jz ¼ �v, where vðn; gÞ ¼ ubxx þ vbyy is the dimension-
less velocity in the melt normalized by U.

For an inertialess flow, the buoyant convection in the

molten semiconductor is governed by

ou
on

þ 1

a
ov
og

¼ 0; ð3aÞ

0 ¼ � op
on

þ 2

Ha2
o2u

on2

�
þ 1

a2

o2u
og2

�
; ð3bÞ

0 ¼ � 2

a
op
og

� vþ T þ 4

Ha2
o2v

on2

�
þ 1

a2

o2v
og2

�
; ð3cÞ

u ¼ 2

a
ow
og

; v ¼ �2
ow
on

; ð3dÞ

where p is the deviation of the pressure from the hy-

drostatic pressure normalized by qgbðDT ÞL, and w is the

dimensionless streamfunction in the melt normalized by

UL, while �vbyy is the EM body force due to the electric

current in the z-direction and T in the buoyancy term

is given by Eq. (2a). Here, the Hartmann number

Ha ¼ BLðr=lÞ1=2 is the square root of the ratio of the

EM body force to the viscous force, where l is the dy-
namic viscosity of the molten semiconductor.

In an asymptotic solution for Ha 	 1, the melt is

divided into an inviscid core, Hartmann layers with an

OðHa�1Þ thickness adjacent to the cold wall at n ¼ �1

and the hot wall at n ¼ þ1, and parallel layers with an

OðHa�1=2Þ thickness adjacent to the bottom wall at

g ¼ �1 and the encapsulant–melt interface at g ¼ þ1.

The Hartmann layers have a simple, local, exponential
structure, which matches any transverse core or parallel-

layer velocities at n ¼ 
1, which satisfies the no-slip

conditions at the cold and hot walls, and which indicates

that u in the core or parallel layer is OðHa�1Þ at n ¼ 
1.

Since the core carries O(1) flow, the flow circuit must be

completed through two high-velocity parallel layers with

u ¼ OðHa1=2Þ and v ¼ Oð1Þ inside these layers at

g ¼ 
1.
For an inertialess flow, the buoyant convection in the

encapsulant is governed by

oue
on

þ 1

ðc � aÞ
ove
ov

¼ 0; ð4aÞ

0 ¼ � ope
on

þ 2

Ha2
o2ue
on2

"
þ 1

ðc � aÞ2
o2ue
ov2

#
; ð4bÞ

0 ¼ � 2

ðc � aÞ
op
og

þ Te þ
4

Ha2
o2ve
on2

"
þ 1

ðc � aÞ2
o2ve
ov2

#
;

ð4cÞ
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ue ¼
2

ðc � aÞ
owe

ov
; ve ¼ �2

owe

on
; ð4dÞ

where veðn; vÞ ¼ uebxx þ vebyy is the dimensionless velocity

in the encapsulant normalized by Ue, pe is the deviation

of the pressure from the hydrostatic pressure normalized

by leUe=L, and we is the dimensionless streamfunction in

the encapsulant normalized by UeL, while Te in the

buoyancy term is given by Eq. (2b).

We apply the no-slip and no-penetration conditions

along the walls at n ¼ �1, þ1, g ¼ �1 and v ¼ þ1. For
our flat interface, the no-slip and no-penetration con-

ditions (Farrell and Ma, 2002) are

uðn þ 1Þ ¼ kb

kl
Ha2ueðn;�1Þ for � 16 n6 þ 1; ð5aÞ

vðn;þ1Þ ¼ 0 for � 16 n6 þ 1; ð5bÞ

veðn;�1Þ ¼ 0 for � 16 n6 þ 1: ð5cÞ

Here, kb ¼ qebe=qb and kl ¼ le=l. With boron oxide

and molten indium-phosphide, kb ¼ 0:051177 and kl ¼
12,210. The stress is continuous across the interface

(Farrell and Ma, 2002) so that

ou
oy

ðn;þ1Þ ¼ kbHa2
oue
oy

ðn;�1Þ for � 16 n6 þ 1: ð6Þ

Here we neglect gradients of the interfacial tension due

to gradients of the temperature or of dopant concen-

tration along the encapsulant–melt interface. A measure
of the effects of interfacial tension gradients is the Ma-

rangoni number for the encapsulant, Mae ¼ qeð�dC=
dT ÞðDT ÞL=l2

e , where C is the interfacial tension of the

encapsulant–melt interface. There is no published data

on the tension of an interface between a liquid semi-

conductor and boron oxide. If we use the values of C for

a liquid-silicon free surface, which are certainly much

larger than those for an encapsulant–melt interface, we
find that Mae ¼ 0:00516 for our typical process.

Eqs. (3a)–(6) were solved using a Chebyshev spectral

collocation method with Gauss–Lobatto collocation

points in n, g and v. We use a sufficient number of

collocation points to resolve the parallel layers near

g ¼ 
1 and to resolve the Hartmann layers at n ¼ 
1.

The number of collocation points in each direction in

both the melt and the encapsulant were increased until
the results were independent of these numbers. For ex-

ample, when we used 21 collocation points in the n di-

rection, 21 collocation points in the g direction in the

melt, and 11 collocation points in the v direction in the

encapsulant with a ¼ 0:3 and B ¼ 0:1 T, the minimum

and maximum streamfunctions in the encapsulant are

)0.0003839764 and 0.0, respectively while the minimum

and maximum streamfunctions in the melt are 0.0 and
0.12624443, respectively. When we increased the reso-

lution and used 41 collocation points in the n-direction,

41 collocation points in the g-direction in the melt, and

21 collocation points in the v-direction in the encapsu-

lant, the minimum value of the streamfunction in the

encapsulant and the maximum value of the stream-
function in the melt changed by less than 0.0054% and

0.031%, respectively. Of course, the required number of

collocation points increased as B was increased because

the thickness of the boundary layers decreased and the

velocity gradients increased.

3. Results

Prior to solidification in the liquid-encapsulated

Czochralski process, the axisymmetric melt is entirely

encapsulated by the boron oxide. After a single crystal

seed initiates solidification and the crystal is pulled

vertically upward, the encapsulant�s depth increases and

the melt�s depth decreases due to solidification. Once the

top of the crystal is pulled out of the encapsulant, the
encapsulant�s depth is constant while the melt�s depth

continues to decrease. The melt�s depth decreases from

an initial value of a ¼ 0:6 until the melt has disappeared.

The purpose of the present paper is to illustrate the

degree of coupling for various magnetic field strengths

so we only present results for ðc � aÞ ¼ 0:2666 and for

melt depths corresponding to the beginning of growth

and the middle of growth, namely, a ¼ 0:6 and 0.3, re-
spectively.

With the cold and hot walls at the left and right,

respectively, the temperature gradient drives counter-

clockwise circulations in both the melt and the encaps-

ulant. These circulations alone would lead to positive

and negative values of u in the encapsulant and in the

melt, respectively, near the interface. Therefore the shear

stress rxy at the interface is always positive, i.e., a force
to the left along the bottom of the encapsulant and an

equal force to the right along the top of the melt. A

positive value would reflect dominance by the encapsu-

lant circulation, resulting in a clockwise circulation in

the melt near the interface. A negative interfacial uwould

reflect dominance by the melt circulation, resulting in a

clockwise circulation in the encapsulant near the inter-

face. For all cases considered here except B ¼ 5 T, the
interfacial u is negative, which reflects dominance by

buoyant convection in the melt, but this dominance

decreases as the field strength is increased. For B ¼ 5 T,

the encapsulant has a slight dominance which drives a

positive interfacial u.

For a ¼ 0:6, which corresponds to an early stage of

growth, we present the dimensional interfacial shear

stress for various magnetic field strengths in Fig. 2. For
B ¼ 0:1 T, the buoyant convection in the melt is rela-

tively strong and produces a relatively large shear stress

on the bottom of the encapsulant. As the magnetic field

strength is increased, the magnitude of the buoyant
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convection in the bulk of the melt decreases roughly as

B�2, as reflected by our choice for the characteristic melt

velocity in Eq. (1a). However, there is a jump in u across
a high-velocity parallel layer with an OðHa�1=2Þ thick-

ness adjacent to the encapsulant–melt interface, so that

the interfacial shear stress decreases roughly as B�1 since

the melt velocity in the parallel layer varies as B�3=2

and the local y derivative varies as B1=2. The effect of the

EM damping is reflected in the dramatic decrease of the

maximum magnitude of the melt�s velocity for a ¼ 0:6
which is 0.3299 m/s for B ¼ 0:1 T and 0.00003924 m/s
for B ¼ 5 T. For a ¼ 0:3, the maximum magnitude of

the melt�s velocity is 0.2283 m/s for B ¼ 0:1 T and

0.00004736 m/s for B ¼ 5 T.

For a ¼ 0:6 and B ¼ 5 T, the maximum values of the

streamfunctions in the melt and in the encapsulant are

0.1266 and 0.00002334, respectively, and the streamlines

are plotted in Fig. 3a and b. For this strong field, there is

a significant EM damping of the melt motion so that the
maximum magnitude of the melt�s dimensional velocity

is 0.00004736 m/s which is 11.24 times the encapsulant�s
dimensional velocity. The buoyant convection in the

encapsulant drives a positive interfacial velocity in the

melt and a clockwise circulation inside the parallel layer

along g ¼ þ1. That is, along g ¼ þ1, u ¼ þ0:0642 at

n ¼ 0 and decreases to u ¼ 0 as jnj approaches 
1. The

interfacial shear stress of the slow-moving melt de-
creases the velocity of the encapsulant but does not drive

flow in the opposite direction.

For a ¼ 0:6 and B ¼ 1 T, there is significantly less

EM damping of the melt motion and the velocity of the

melt is much larger. The interfacial shear stress is large

enough to reverse some of the flow in the encapsulant, as

reflected in Fig. 4 where the minimum and maximum

values of the streamfunction are )0.0000012305 and
0.000010683, respectively, and the maximum value of

the streamfunction in the melt is 0.1279. As shown in

Fig. 2, the shear stress is largest at n ¼ 0 and decreases

to zero as jnj increases so that the w ¼ �0:000001 con-

tour lies just above the middle of the interface. The

circulation in the melt is entirely counter-clockwise with

u < 0 along the interface. The maximum magnitude of

the melt�s velocity is 0.000001977 m/s and of the en-
capsulant�s velocity is 0.003283 m/s.

For a ¼ 0:6 and B ¼ 0:5 T, we present the streamlines

in the encapsulant in Fig. 5, where the minimum and

maximum values of the streamfunction are )0.00001735
and 0.0000030227, respectively, while the maximum

value of the streamfunction in the melt is 0.1282. In Fig.

2, the curve for B ¼ 0:5 T indicates that the shear stress

has substantially increased, so that the clockwise circu-
lation takes a major fraction of the encapsulant�s vol-

ume. The maximum magnitude of the melt�s velocity is

0.017027 m/s, which is 1799.5 times larger than that of

the encapsulant. The maximum shear stress at n ¼ 0 is

Fig. 2. Interfacial shear stress rxy versus n, for a ¼ 0:6 and B ¼ 0:1, 0.2,

0.5 and 5 T.

Fig. 3. Streamlines in the melt wðn; gÞ and in the encapsulant weðn; vÞ
for B ¼ 5 T: (a) wðn; gÞ, and (b) weðn; vÞ.

Fig. 4. Streamlines in the encapsulant weðn; vÞ for B ¼ 1 T.
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causing the counter-clockwise circulations to decrease in

strength and volume, so that the maximum value of the
streamfunction in the encapsulant is smaller than for the

strong field strengths and the circulations are pushed to

the upper left and right corners of the encapsulant�s
volume, as reflected in Fig. 5.

For a ¼ 0:6 and B ¼ 0:1 T, the minimum value of

the streamfunction in the encapsulant is we;min ¼
�0:0001795, and the maximum value of the stream-

function in the melt is 0.1260, as shown in Fig. 6. The
large interfacial shear stress in Fig. 2 for B ¼ 0:1 T

causes all of the encapsulant�s flow to reverse and its

entire volume circulates in the clockwise direction, as

shown in Fig. 6.

Since the magnitude of buoyant convection varies as

a�1, the maximum value of the velocity in the melt is

smaller as crystal growth progresses. When the melt�s
volume has decreased to a ¼ 0:3, the shear stress has
increased and a dominance by the encapsulant�s circu-

lation occurs with a larger value of B for a ¼ 0:3 than

for a ¼ 0:6. That is, as we decrease the magnetic field

strength from B ¼ 5 T in increments of 1 T, the entire

volume of the encapsulant circulates in the counter-

clockwise direction until the field strength is B ¼ 2 T

with a ¼ 0:3 and B ¼ 1 T with a ¼ 0:6 for which a small

fraction of the encapsulant adjacent to the interface
circulates in the clockwise direction. As the field strength

is further decreased in increments of 0.1 T, an increasing

fraction of the encapsulant flows in the clockwise di-

rection until the clockwise circulation fills the entire

volume at B ¼ 0:2 T with a ¼ 0:3 for which we;min ¼
�0:00018099 and at B ¼ 0:1 T with a ¼ 0:6 for which
we;min ¼ �0:00017948.

4. Conclusions

The temperature gradient drives counter-clockwise

circulations in both the melt and encapsulant. These

circulations alone would lead to positive and negative

values of the horizontal velocity in the encapsulant and

melt, respectively, near the interface. The competition

between the two buoyant convections determines the

direction of the horizontal velocity of the interface. For
a ¼ 0:6 and B ¼ 5 T, there is significant EM damping of

the melt motion and the encapsulant drives a positive

interfacial velocity and a small clockwise circulation in

the melt. For a ¼ 0:6 and a much weaker field B ¼ 0:1 T,
the maximum velocity in the melt is thousands of times

larger than that of the encapsulant, thus causing nearly

all the encapsulant to circulate in the clockwise direc-

tion.
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